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In this paper, we develop existence and stability theorems for strong vector set-valued
equilibrium problems in reﬂexive Banach spaces. Based on asymptotic cone theory,
we present the equivalent characterizations on the nonemptiness and boundedness
of the solution set for strong vector set-valued equilibrium problems. Furthermore,
stability results are established for strong vector set-valued equilibrium problems,
when both the mapping and the constraint set are perturbed by diﬀerent parameters.
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1 Introduction
Let X be a real reﬂexive Banach space with its dual space X∗ and K ⊆ X be a closed set.
Let F : K × K → R be a real-valued bifunction. The equilibrium problems (for short EP)
is to ﬁnd x¯ ∈ K such that
(EP) F(x¯, y)≥ , ∀y ∈ K .
The equilibrium problems play an important role in economics, ﬁnance, image recon-
struction, ecology, transportation, network, and so on (see, e.g., [–]). Later, many re-
searchers extended (EP) to the vector set-valued case in diﬀerent ways; see [–] and the
references therein.
Let F : K × K → Y be a set-valued mapping, where Y is a real normed space with an
ordered cone C, that is, a pointed, closed, and convex cone. It is well known that weak
vector set-valued equilibrium problems (for short WVSEP) include two basic types. The
ﬁrst type is to ﬁnd x¯ ∈ K such that
(FWVSEP) F(x¯, y) – intC, ∀y ∈ K .
The second type is to ﬁnd x¯ ∈ K such that
(SWVSEP) F(x¯, y)∩ – intC = ∅, ∀y ∈ K ,
where intC denotes the interior of C.
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It is worth noting that strong vector set-valued equilibrium problems (for short SVSEP)
include two basic types, too. The ﬁrst type is to ﬁnd x¯ ∈ K such that
(FSVSEP) F(x¯, y)⊆ C, ∀y ∈ K .
The second type is to ﬁnd x¯ ∈ K such that
(SSVSEP) F(x¯, y)∩C 
= ∅, ∀y ∈ K .
The issues of nonemptiness and boundedness of the solution set are among the most in-
teresting and important problems in the theory of (WVSEP), as they can guarantee the
weak convergence of some solution algorithms [, ] in inﬁnite dimensional spaces. For
(FWVSEP), based on dual formulations, Ansari et al. [, ] proved the existence theo-
rems under generalized pseudomonotonicity conditions. For (SWVSEP), several neces-
sary and/or suﬃcient conditions for the solution set to be nonempty and bounded were
established in [, ]. Furthermore, the semicontinuity and connectedness of (approxi-
mate) solution sets can be found in [–] for weak vector set-valued equilibrium prob-
lems. On the other hand, if intC = ∅, then (WVSEP) cannot be studied. It is well known
that for the classical Banach spaces lp, Lp, where  < p < +∞, the standard ordered cone
has an empty interior []. Thus, for C-monotone-type (SVSEP), ﬁnding suﬃcient and/or
necessary conditions for the nonemptiness and boundedness of the solution set is very
important. To our knowledge, existence results proposed in [] can be considered as a
pioneering work for (SVSEP). Characterizations of nonemptiness and boundedness of the
solution set for strong vector equilibrium problems were derived in diﬀerent spaces [,
]. Recently, Long et al. [] obtained the existence theorems for the generalized strong
vector quasi-equilibrium problems by the Kakutani-Fan-Glicksberg ﬁxed point theorem
on compact sets. For (FSVSEP), on noncompact sets, Wang et al. [] obtained some ex-
istence theorems by virtue of the Brouwer ﬁxed point theorem in general real Hausdorﬀ
topological vector spaces. Since the characterizations of nonemptiness and boundedness
of the solution set for strong vector equilibrium problems can be derived when F is a
single-valued map, it is natural to ask whether characterizations on nonemptiness and
boundedness of the solution set for (SVSEP) can be obtained in the case that F is multi-
valued, which constitutes themotivation of this article. In this paper, we present equivalent
characterizations on the nonemptiness and boundedness of the solution set for (SVSEP)
by means of the asymptotic cone theory in which the decision space is a real reﬂexive
Banach space. Then we apply the equivalent characterizations to establish the stability
theorems for (SVSEP) on a noncompact set, when both the mapping and the constraint
set are perturbed by diﬀerent parameters.
The rest of the paper is organized as follows. In Section , we introduce some basic
notations and preliminary results. In Section , under suitable conditions we investigate
the equivalence between the nonemptiness and boundedness of the solution set and the
asymptotic cone R = {} for (SSVSEP). Stability results are presented for (SVSEP) on a
noncompact set, when both the mapping and the constraint set are perturbed by diﬀerent
parameters in Section . Our results generalize and extend some results of [–, –,
–] in some sense.
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2 Notations and preliminaries
In this section, we introduce some basic notations and preliminary results.
Consider the following modeling: The ﬁrst type strong vector set-valued equilibrium
problems, abbreviated by (FSVSEP), is to ﬁnd x¯ ∈ K such that
(FSVSEP) F(x¯, y)⊆ C, ∀y ∈ K .
For (FSVSEP), its dual problem is to ﬁnd x¯ ∈ K such that
(DFSVSEP) F(y, x¯)⊆ –C, ∀y ∈ K .
We denote the solution set of (FSVSEP) and the solution set of (DFSVSEP) by SSK and
SSDK , respectively.
The second type strong vector set-valued equilibrium problems, abbreviated by
(SSVSEP), is to ﬁnd x¯ ∈ K such that
(SSVSEP) F(x¯, y)∩C 
= ∅, ∀y ∈ K .
For (SSVSEP), its dual problem is to ﬁnd x¯ ∈ K such that
(DSSVSEP) F(y, x¯)∩ –C 
= ∅, ∀y ∈ K .
We denote the solution set of (SSVSEP) and the solution set of (DSSVSEP) by SK and SDK ,
respectively.
It is easy to see SSK ⊆ SK and SSDK ⊆ SDK .
Deﬁnition . [] Let K be a nonempty, closed, and convex subset of a real reﬂexive
Banach space X with dual space X∗. The dual cone K∗ of K is deﬁned as
K∗ =
{
x∗ ∈ X∗ : 〈x∗,x〉 ≥ ,∀x ∈ K}.
It is well known that
intK∗ =
{
x∗ ∈ X∗ : 〈x∗,x〉 > ,∀x ∈ K\{}},
where ‘int’ means the interior of a set. The asymptotic cone K∞ and the barrier cone

















where ⇀ stands for the weak convergence.
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The asymptotic cone K∞ has the following useful properties.
Lemma . [] Let K ⊂ X be nonempty and closed. Then the following conclusions hold:
(i) K∞ is a closed cone.
(ii) If K is convex, then K∞ = {d ∈ X | x + td ∈ K ,∀t > }, for all x ∈ K .
(iii) If K is a convex cone, then K∞ = K .
The following result can be found in Proposition . of [] showing the property of K .
Lemma . Let K be a nonempty, closed, and convex subset of a real reﬂexive Banach
space X. If barr(K) has a nonempty interior, then there does not exist {xn} ⊆ K with ‖xn‖ →
+∞ such that the origin is a weak limit of { xn‖xn‖ }. If K is a cone, then there does not exist
{dn} ⊂ K with each ‖dn‖ =  such that dn ⇀ .
To obtain the characterization of the solution sets for (SSVSEP) and (FSVSEP), we recall
generalized monotonicity and generalized convexity [].
Deﬁnition . [] Let K be a nonempty, closed, and convex subset of X. A mapping
F : K ×K → Y is said to be
(i) type I C-pseudomonotone if, for all x, y ∈ K ,
F(x, y)⊆ C ⇒ F(y,x)⊆ –C;
(ii) type II C-pseudomonotone if, for all x, y ∈ K ,
F(x, y)∩C 
= ∅ ⇒ F(y,x)∩ –C 
= ∅.
It is easy to verify that type I C-pseudomonotonicity implies type II C-pseudomonoton-
icity. However, the converse is not true.
Example . Let X = R, K = [, +∞), Y = R, C = R+. Let F : K ×K → Y be deﬁned by
F(x, y) =
{
[–|y – x|, |y – x|], ∀x, y ∈ [, +∞),
[–, ], ∀x, y ∈ [, +∞).
Clearly, its dual is
F(y,x) =
{
[–|x – y|, |x – y|], ∀x, y ∈ [, +∞),
[–, ], ∀x, y ∈ [, +∞).
For all x, y ∈ K , we have
F(x, y)∩C 
= ∅ ⇒ F(y,x)∩ –C 
= ∅.
However, we cannot ﬁnd x, y ∈ K such that
F(x, y)⊆ C.
Thus, F is not type I C-pseudomonotone.
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Deﬁnition . [] The mapping F : K ×K → Y is said to be strongly
(i) type I C-diagonally quasi-convex in the ﬁrst argument if, for any ﬁnite
{x,x, . . . ,xn} ⊆ K and any ti ≥  with ∑ni= ti = , x =
∑n
i= tixi, and for some
xi ∈ K , one has
F(xi,x)⊆ –C;
(ii) type II C-diagonally quasi-convex in the ﬁrst argument if, for any ﬁnite
{x,x, . . . ,xn} ⊆ K and any ti ≥  with ∑ni= ti = , x =
∑n
i= tixi, and for some
xi ∈ K , one has
F(xi,x)∩ –C 
= ∅;
(iii) C-convex in the second argument if, for any y, y ∈ K and t ∈ (, ), one has
tF(x, y) + ( – t)F(x, y)⊆ F
(
x, ty + ( – t)y
)
+C.
The following lemma is the well-known KKM theorem, we refer the reader to Lemma 
of [].
Lemma . [] Let K ⊆ X be a nonempty convex of a topological vector space X and
F : K → X be a set-valued mapping from K into X satisfying the following properties:
(i) F is a KKM mapping: For every ﬁnite subset A of E, co(A)⊆ ⋃x∈A F(x), where co(·)
stands for the convex hull;
(ii) F(x) is closed in X for every x ∈ K ;





3 The nonemptiness and boundedness of the solution sets for (FSVSEP) and
(SSVSEP)
In this section, we present the equivalent characterizations of the solution set for strong
vector set-valued equilibrium problems to be nonempty and bounded based on asymp-
totic cone theory.
Theorem . Let K be a nonempty, closed, and convex subset of X with int(barr(K)) 
= ∅.
Suppose that F : K ×K → Y satisﬁes the following:
(i) F is type II C-pseudomonotone and F(x,x)⊂ C ∩ –C, ∀x ∈ K ;
(ii) the set {x ∈ K : F(x, y)∩C 
= ∅} is closed for any y ∈ K and F is strongly type II
C-diagonally quasi-convex in the ﬁrst argument;
(iii) the set {y ∈ K : F(x, y)∩ –C 
= ∅} is closed for any x ∈ K and F is C-convex in the
second argument.
Then the following statements are equivalent:
(I) (SSVSEP) has a nonempty, convex, closed, and bounded solution set;
(II) (DSSVSEP) has a nonempty, convex, closed, and bounded solution set;
(III) R = {d ∈ K∞ : F(y, y + td)∩ –C 
= ∅,∀y ∈ K , t > } = {};
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(IV) there exists a bounded set D⊂ K such that for every x ∈ K\D, there exists some
y ∈D such that
F(y,x)∩ –C = ∅.
Proof (I) ⇔ (II). Suppose that (SSVSEP) has a nonempty, convex, closed, and bounded
solution set. By the type II C-pseudomonotonity of F , we obtain SK ⊆ SDK .




) ∩ –C 
= ∅. (.)
For every y ∈ K , consider xt = x∗ + t(y– x∗), ∀t ∈ (, ). Clearly, xt ∈ K . The C-convexity of





+ tF(xt , y)⊆ F(xt ,xt) +C ⊆ C +C ⊆ C. (.)
Let us by contradiction show tF(xt , y)∩C 





) ⊆ Y\ –C +C ⊆ Y\ –C,
which contradicts (.). Noting that Y\C is a cone, we deduce
F(xt , y)∩C 
= ∅. (.)





= ∅, ∀y ∈ K .
Hence, (SSVSEP) has a nonempty, convex, closed, and bounded solution set if and only if
(DSSVSEP) has a nonempty, convex, closed, and bounded solution set.





x ∈ K : F(y,x)∩ –C 
= ∅}.
For ﬁxed y ∈ K , one has
S(y) =
{
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On the other hand, one has
{
d ∈ K∞ : F(y, y + td)∩ –C 





d ∈ K∞ : F(y, y + td)∩ –C 






















for y ∈ K with ‖y‖ ≤ n. For ﬁxed y ∈ K and t > , without loss of generality, we may take a
subsequence {xnk } of {xn} such that
t
‖xnk – y‖








⇀ d ∈ K∞.
Noting that X is a reﬂexive Banach space and int(barr(K)) 
= ∅, from Lemma ., we have
d 
= . The C-convexity of F(x, ·) implies
(
 – t‖(xnk – y)‖
)
F(y, y) + t‖(xnk – y)‖
F(y,xnk )⊆ F
(
y, y + t(xnk – y)‖(xnk – y)‖
)
+C.
From F(y, y)⊆ C and F(y,xnk )∩ –C 
= ∅, one has
F
(




By assumption (iii), letting t →  in (.), we obtain
F(y, y + td)∩ –C 
= ∅,
which contradicts (III). So (IV) holds.
(IV) ⇒ (II). SetM : K ×K → K by
M(y) =
{
x ∈ K : F(y,x)∩ –C 
= ∅}, ∀y ∈ K .
It is easy to verify that M(y) is a closed subset of K . We shall show that M is a KKM
mapping.Wemay assume thatD is a bounded, closed, and convex set (otherwise, consider
the closed convex hull of D instead of D). Let {y, . . . , ym} be ﬁnite number of points in K
and let L = co(D∪ {y, . . . , ym}). So, L is a weakly compact convex set, since X is a reﬂexive
Banach space. Consider the set-valued mappingM(y) deﬁned by
M(y) =
{
x ∈ L : F(y,x)∩ –C 
= ∅}, ∀y ∈ L.
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Obviously, M(y) is a weakly compact convex subset of L. We claim M(y) has the ﬁnite
intersection property.
Indeed, for all {x,x . . . ,xp} ⊂ L, ∑pti = , ti ≥ , and x¯ =
∑p
i= tixi, it follows from as-
sumption (ii) that there exists xi ∈ L such that
F(xi, x¯)∩ –C 
= ∅,
namely, x¯ ∈ ⋃pi=M(xi). Hence,M(y) has the ﬁnite intersection property. Noting thatM(y)







Let x¯ ∈ ⋂y∈LM(y), we have
F(y, x¯)∩ –C 
= ∅, ∀y ∈ L. (.)
We assert that x¯ ∈D. Suppose to the contrary that if there exists some x¯ ∈M(y) but x¯ /∈D,
by the assumption (IV), one has
F(y, x¯)∩ –C = ∅, for some y ∈D.






For x¯ ∈ ⋂y∈LM(y), by (.), we deduce x¯ ∈
⋂m
i=(M(yi) ∩D), which implies the collection
{M(y) ∩ D : y ∈ K} has the ﬁnite intersection property. Since for each y ∈ K , (M(y) ∩ D)
is weakly compact, it follows from Lemma . that
⋂
y∈K (M(y) ∩D) 
= ∅, which coincides





x ∈ K : F(y,x)∩ –C 
= ∅}.
From assumption (iii), it is easy to see that SDK is closed. Next, we shall show that SDK is
convex. For all x,x ∈ SDK and t ∈ [, ], from the C-convexity of F(y, ·), we have
tF(y,x) + ( – t)F(y,x)⊆ F
(
y, tx + ( – t)x
)
+C.
It is easy to verify F(y, tx + ( – t)x)∩–C 
= ∅. Thus, (DSSVSEP) has a nonempty, convex,
closed, and bounded solution set. 
Remark . When F is a single-valued andC = R+, a similar result to (III) can be obtained
in [] for equilibrium problems and in [] for the variational inequality. Furthermore, ifD
is closed, convex, and bounded, the result (IV) was proved in [] for equilibriumproblems.
It is worth to stress that Theorem . is a new result for (SSVSEP), since similar results
cannot be found in [, ].
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Now by the following example we illustrate Theorem ..
Example . Let X = R, K = [,+∞), Y = R, C = R+. Let F : K ×K → Y be deﬁned by
F(x, y) =
{
[–(y – x), y – x], ∀x, y ∈ [, +∞),
〈x, y – x〉, ∀x, y ∈ [, +∞).
Clearly, its dual problem is
F(y,x) =
{
[–(x – y), (x – y)], ∀x, y ∈ [, +∞),
〈y,x – y〉, ∀x, y ∈ [, +∞).
It is easy to see that assumptions (i)-(iii) are satisﬁed. We can verify that (I) ⇔ (II), that is,
SK = SDK = {}; (III) holds, namely, R = {}; and if we take the bounded set {} = D ⊂ K ,
then (IV) is true.
Similar to the proof of Theorem ., the following result holds for (FSVSEP).
Theorem . Let K be a nonempty, closed, and convex subset of X with int barr(K) 
= ∅.
Suppose that F : K ×K → Y satisﬁes the following:
(i) F is type I C-pseudomonotone and F(x,x)⊂ C ∩ –C, ∀x ∈ K ;
(ii) the set {x ∈ K : F(x, y)⊆ C} is closed for any y ∈ K and F is strongly type I
C-diagonally quasi-convex in the ﬁrst argument;
(iii) the set {y ∈ K : F(x, y)⊆ –C} is closed for any x ∈ K and F is C-convex in the second
argument.
Then the following statements are equivalent:
(I) (FSVSEP) has a nonempty, convex, closed, and bounded solution set;
(II) (DFSVSEP) has a nonempty, convex, closed, and bounded solution set;
(III) R = {d ∈ K∞ : F(y, y + td)⊆ –C,∀y ∈ K , t > } = {};
(IV) there exists a bounded set D⊂ K such that for every x ∈ K\D, there exists some
y ∈D such that
F(y,x) –C.
4 Stability analysis for (FSVSEP) and (SSVSEP)
In this section, we shall establish the stability theorems for (FSVSEP) and (SSVSEP) when
the mapping F and the domain set K are simultaneously perturbed by diﬀerent parame-
ters. We take (SSVSEP) and (DSSVSEP) as examples to present the stability theorems.
First recall some important notions and results. Let (Z,d) and (Z,d) be two metric
spaces. LetK(p) be perturbed by a parameter p, which varies over (Z,d), that is,K : Z →
X is a set-valued mapping with nonempty, closed, and convex values. Let F be perturbed
by a parameter z, which varies over (Z,d), that is, F : Z × K × K → Y is a parametric
set-valued mapping.
Consider the perturbed second type strong vector set-valued equilibrium problems, de-
noted by (PSSVSEP), which consists in ﬁnding x¯ ∈ K(p) such that
(PSSVSEP) F(z, x¯, y)∩C 
= ∅, ∀y ∈ K(p).
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Its dual problem is to ﬁnd x¯ ∈ K(p) such that
(PDSSVSEP) F(z, y, x¯)∩ –C 
= ∅, ∀y ∈ K(p).
We denote the solution set of (PSSVSEP) and solution set of (PDSSVSEP) by SK (p)(z) and
SDK (p)(z), respectively.
Deﬁnition . Let X and Y be topological spaces. A set-valued mapping T : X → Y is
said to be
(i) upper semicontinuous at x ∈ X if and if only, for any neighborhood U(T(x)) of




(ii) lower semicontinuous at x ∈ X if and if only, for any y ∈ T(x) and any
neighborhood U(y) of y, there exists a neighborhood U(x) of x such that
T(x)∩U(y) 
= ∅, ∀x ∈U(x);
(iii) continuous at x if and if only it is both upper and lower semicontinuous at x.
It is evident that T is lower semicontinuous at x ∈ Y if and if only, for any net {xβ} with
xβ → x and y ∈ T(x), there exists a net {yβ} with yβ ∈ T(xβ ) such that yβ → y.
The following lemma will be useful for proving our results.
Lemma . [] Let (Z,d) be a metric space and u ∈ Z be a given point. Let L : Z → X
be a set-valued mapping with nonempty values and be upper semicontinuous at u. Then
there exists a neighborhood U of u such that L(u)∞ ⊂ L(u)∞ for all u ∈U .
Theorem . Let (Z,d), (Z,d) be metric spaces and let K : Z → X be a set-valued
mapping with nonempty, closed, and convex values. Suppose that
(i) K(p) is continuous at p and int(barrK(p)) 
= ∅, ∀p ∈ Z;
(ii) F(z,x,x)⊆ C ∩ –C, ∀x ∈ K(p), z ∈ Z;
(iii) the set {(z, y) ∈ (Z,K(p)) : F(z,x, y)∩ –C 
= ∅} is closed for any x ∈ K(p); F is
C-convex in the third argument for any x ∈ K(p) and z ∈ Z, and F is strongly type II
C-diagonally quasi-convex in the second argument for any z ∈ Z, y ∈ K(p);
(iv) SDK (p)(z) is nonempty and bounded.
Then
(I) there exists a neighborhood U ×U of (p, z) such that (PDSSVSEP) has a
nonempty and bounded solution set for all (p, z) ∈ (U,U);
(II) lim sup(p,z)→(p,z) S
D
K (p)(z)⊆ SDK (p)(z).





d ∈ K(p)∞ : F(z, y, y + td)∩ –C 
= ∅, t > 
}
= {}. (.)
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d ∈ K(p)∞ : F(z, y, y + td)∩ –C 
= ∅, t > 
}
= {}.
Assume by contradiction that there exists (pn, zn)→ (p, z) such that R(pn) 
= {}. Noting
that K is lower semicontinuous at p, for any y ∈ K(p), we have yn ∈ K(pn) such that





dn ∈ K(pn)∞ : F(zn, yn, yn + tdn)∩ –C 
= ∅, t > 
}
, (.)
with ‖dn‖ =  for all n = , , . . . ,n. As X is reﬂexive, without loss of generality, we can as-
sume that dn ⇀ d. It follows from Lemma . that d 
= . We claim that d ∈ K(p)∞.
Since K is upper semicontinuous at p and dn ∈ K(pn)∞, from Lemma ., one has
dn ∈ K(p)∞, for all suﬃciently large n. By the closure of K(p)∞, we have d ∈ K(p)∞.
Noticing assumption (iii), taking the limit in (.), we have
F(z, y, y + td)∩ –C 
= ∅,
which contradicts (.). Thus, the result (I) holds.
For the result (II), we need to prove that for any (p, z)→ (p, z),
lim sup
(p,z)→(p,z)
SDK (p)(z)⊆ SDK (p)(z).
Let x ∈ lim sup(p,z)→(p,z) SDK (p)(z). Then there exists a sequence xnk ∈ SDK (pnk )(znk ) such that
xnk ⇀ x as k ∈ ∞. Since K is upper semicontinuous at p, we obtain
K(pn)⊂ K(p) + nB, for all suﬃciently large n,




) ≤ nk → .
Since xnk ⇀ x and K(p) is closed and convex, one has x ∈ K(p).
For any y ∈ K(p), it follows from the lower semicontinuity of K at p that there exists
yn ∈ K(pn) with yn → y. By the assumption xnk ∈ SDK (pnk )(znk ), we have
F(zn, yn,xn)∩ –C 
= ∅. (.)
From assumption (iii), taking the limit in (.), one has
F(z, y,x)∩ –C 
= ∅.
This yields x ∈ SDK (p)(z). 
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Remark .
(i) In Theorem ., F is vector set-valued mapping, including the scalar variational
inequality and scalar equilibrium problems. Thus, Theorem . generalizes and
extends Theorem . of [], Theorem . of [], and Theorem . of [] in some
sense.
(ii) We establish the stability theorem for (DSSVSEP) in Theorem ., when the
mapping F and the domain set K are simultaneously perturbed by diﬀerent
parameters. Theorem . of [] and Theorem . of [] only show that the
mapping F or the domain set K is perturbed, respectively.
As a consequence of Theorem . and Theorem ., the following results follow imme-
diately.
Corollary . Let (Z,d), (Z,d) be metric spaces and let K : Z → X be a set-valued
mapping with nonempty, closed, and convex values. Suppose that
(i) K(p) is continuous at p and int(barrK(p)) 
= ∅, ∀p ∈ Z;
(ii) F(z,x,x)⊆ C ∩ –C, ∀x ∈ K(p), z ∈ Z;
(iii) the set {(z,x) ∈ (Z,K(p)) : F(z,x, y)∩ –C 
= ∅} is closed for any y ∈ K(p); F(z, ·, ·) is
type II C-pseudomonotone for any z ∈ Z;
(iv) the set {(z, y) ∈ (Z,K(p)) : F(z,x, y)∩ –C 
= ∅} is closed for any x ∈ K(p); F is
C-convex in the third argument for any x ∈ K(p) and z ∈ Z, and F is strongly type II
C-diagonally quasi-convex in the second argument for any z ∈ Z, y ∈ K(p);
(v) SK (p)(z) is nonempty and bounded.
Then
(I) there exists a neighborhood U ×U of (p, z) such that (PSSVSEP) has a nonempty
and bounded solution set for all (p, z) ∈ (U,U);
(II) lim sup(p,z)→(p,z) SK (p)(z)⊆ SK (p)(z).
Consider the perturbed the ﬁrst type strong vector set-valued equilibrium problems,
denoted by (PFSVSEP), which consists in ﬁnding x¯ ∈ K(p) such that
(PFSVSEP) F(z, x¯, y)⊆ C, ∀y ∈ K(p).
Its dual problem is to ﬁnd x¯ ∈ K(p) such that
(PDFSVSEP) F(z, y, x¯)⊆ –C, ∀y ∈ K(p).
We denote the solution set of (PFSVSEP) and the solution set of (PDFSVSEP) by SSK (p)(z)
and SSDK (p)(z), respectively.
Similar to the proof of Theorem ., we have the following stability results for (FSVSEP)
and (DFSVSEP).
Theorem . Let (Z,d), (Z,d) be metric spaces and let K : Z → X be a set-valued
mapping with nonempty, closed, and convex values. Suppose that
(i) K(p) is continuous at p and int(barrK(p)) 
= ∅, ∀p ∈ Z;
(ii) F(z,x,x)⊆ C ∩ –C, ∀x ∈ K(p), z ∈ Z;
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(iii) the set {(z, y) ∈ (Z,K(p)) : F(z,x, y)⊆ –C} is closed for any x ∈ K(p); F is C-convex
in the third argument for any x ∈ K(p), z ∈ Z, and F is strongly type I C-diagonally
quasi-convex in the second argument for any z ∈ Z, y ∈ K(p);
(iv) SSDK (p)(z) is nonempty and bounded.
Then
(I) there exists a neighborhood U ×U of (p, z) such that (PDFSVSEP) has a
nonempty and bounded solution set for all (p, z) ∈ (U,U);
(II) lim sup(p,z)→(p,z) SS
D
K (p)(z)⊆ SSDK (p)(z).
As a consequence of Theorem . and Theorem ., the following results follow imme-
diately.
Corollary . Let (Z,d), (Z,d) be metric spaces and let K : Z → X be a set-valued
mapping with nonempty, closed, and convex values. Suppose that
(i) K(p) is continuous at p and int(barrK(p)) 
= ∅, ∀p ∈ Z;
(ii) F(z,x,x)⊆ C ∩ –C, ∀x ∈ K(p), z ∈ Z;
(iii) the set {(z,x) ∈ (Z,K(p)) : F(z,x, y)⊆ –C} is closed for any y ∈ K(p); F(z, ·, ·) is
type I C-pseudomonotone for any z ∈ Z;
(iv) the set {(z, y) ∈ (Z,K(p)) : F(z,x, y)⊆ –C} is closed for any x ∈ K(p); F is C-convex
in the third argument for any x ∈ K(p), z ∈ Z, and F is strongly type I C-diagonally
quasi-convex in the second argument for any z ∈ Z, y ∈ K(p);
(v) SSK (p)(z) is nonempty and bounded.
Then
(I) there exists a neighborhood U ×U of (p, z) such that (PFSVSEP) has a nonempty
and bounded solution set for all (p, z) ∈ (U,U);
(II) lim sup(p,z)→(p,z) SK (p)(z)⊆ SK (p)(z).
Competing interests
The author declares that they have no competing interests.
Acknowledgements
This research is supported by the Specialized Research Fund for the Doctoral Program of Higher Education of China
(20113705110002, 20113705120004), China Postdoctoral Science Foundation funded project (2013M531566) and
Promotive Research Fund for Young and Middle-aged Scientists of Shandong Province (BS2012SF008), the Natural
Science Foundation of China (61403228, 11171180, 11401438). The author would like to thank the reviewers for their
careful reading, insightful comments, and constructive suggestions, which helped improve the presentation of the paper.
Received: 5 May 2015 Accepted: 11 July 2015
References
1. Blum, E, Oettli, W: From optimization and variational inequalities to equilibrium problems. Math. Stud. 63, 123-145
(1994)
2. Bigi, G, Castellani, M, Pappalardo, M, Passacantando, M: Existence and solution methods for equilibria. Eur. J. Oper. Res.
227, 1-11 (2012)
3. Babazan, FF: Existence theorems for generalized noncoercive equilibrium problems: the quasiconvex case. SIAM J.
Optim. 11, 675-690 (2000)
4. Bianchi, M, Pini, R: Coercivity conditions for equilibrium problems. J. Optim. Theory Appl. 124, 79-92 (2005)
5. Konnov, IV, Yao, JC: Existence of solutions for generalized vector equilibrium problems. J. Math. Anal. Appl. 233,
328-335 (1999)
6. Ansari, QH, Konnov, IV, Yao, JC: On generalized vector equilibrium problems. Nonlinear Anal. 47, 543-554 (2001)
7. Ansari, QH, Siddiqi, AH, Wu, SY: Existence and duality of generalized vector equilibrium problems. J. Math. Anal. Appl.
259, 115-126 (2001)
8. Iusem, AN, Sosa, W: On the proximal point method for equilibrium problems in Hilbert spaces. Optimization 59,
1259-1274 (2010)
9. Konnov, IV, Ali, MS: Descent methods for monotone equilibrium problems in Banach spaces. J. Comput. Appl. Math.
188, 165-179 (2006)
Wang Journal of Inequalities and Applications  (2015) 2015:239 Page 14 of 14
10. Ansari, QH, Flores-Bazán, F: Recession methods for generalized vector equilibrium problems. J. Math. Anal. Appl. 321,
132-146 (2006)
11. Farajzadeh, AP, Harandi, AA: On the generalized vector equilibrium problems. J. Math. Anal. Appl. 344, 999-1004
(2008)
12. Peng, ZY, Zhao, Y, Yang, XM: Semicontinuity of approximate solution mappings to parametric set-valued weak vector
equilibrium problems. Numer. Funct. Anal. Optim. 36(4), 481-500 (2015)
13. Peng, ZY, Yang, XM, Peng, JW: On the lower semicontinuity of the solution mappings to parametric weak generalized
Ky Fan inequality. J. Optim. Theory Appl. 152, 256-264 (2012)
14. Long, XJ, Peng, JW: Connectedness and compactness of weak eﬃcient solutions for vector equilibrium problems.
Bull. Korean Math. Soc. 48, 1225-1233 (2011)
15. Long, XJ, Huang, YQ, Peng, ZY: Optimality conditions for the Henig eﬃcient solution of vector equilibrium problems
with constraints. Optim. Lett. 5, 717-728 (2011)
16. Jahn, J: Mathematical Vector Optimization in Partially Ordered Linear Spaces. Peter Lang, Frankfurt (1986)
17. Ansari, QH, Oettli, W, Schlager, D: A generalization of vectorial equilibria. Math. Methods Oper. Res. 46, 147-152 (1997)
18. Huang, LG: Existence of solutions of vector equilibrium problems. Acta. Math. Sin. Chin. Ser. 52(5), 904-910 (2009)
19. Ansari, QH, Farajzadeh, AP, Schaible, S: Existence of solutions of strong vector equilibrium problems. Taiwan. J. Math.
16(1), 165-178 (2012)
20. Long, XJ, Huang, NJ, Teo, KL: Existence and stability of solutions for generalized strong vector quasi-equilibrium
problem. Math. Comput. Model. 47, 445-451 (2008)
21. Wang, SH, Li, QY, Fu, JY: Strong vector equilibrium problems on noncompact sets. Bull. Malays. Math. Sci. Soc. 35(1),
119-132 (2012)
22. Auslender, A, Teboulle, M: Asymptotic Cones and Functions in Optimization and Variational Inequalities. Springer,
Berlin (2003)
23. He, YR: Stable pseudomonotone variational inequality in reﬂexive Banach spaces. J. Math. Anal. Appl. 330, 352-363
(2007)
24. Chen, GY, Huang, XX, Yang, XQ: Vector Optimization: Set-Valued and Variational Analysis. Springer, Berlin (2005)
25. Fan, K: Some properties of sets related to ﬁxed point theorems. Math. Ann. 266, 519-537 (1984)
26. Fan, JH, Zhong, RY: Stability analysis for variational inequality in reﬂexive Banach spaces. Nonlinear Anal. 69,
2566-2574 (2008)
27. Hu, R, Fang, YP: Strict feasibility and stable solvability of bifunction variational inequalities. Nonlinear Anal. 75,
331-340 (2012)
